
 Theatternatinggroup

We can now use our new tools tounderstand an important subgroup

of Su called the alternatinggroup or Au

First we need to define the sign of an element in Su Recall that we

can think of an element of Su as a permutation of 12 3 u

i e c Su corresponds to the permutation i o z o n

Intuitively we can see that we cangetfrom one permutation to
another by successively switching twoelements

Ex To getfrom 1 2 34 5 to 4 2 1 35

1 2 34 s 3 2 14 S 4 2 13 s Gy i3 143i3 34
IQ q

o 3 Oz l I o fo 3 l V

To get from 1 2 34 5 to 324 5 1 l 345

I 23 4 s 3 2 1 45 3 2 4 15 32451 is l4 I3 i z y g t
i3 14 is

Def A 2 cycle iscalled a transposition

We can write every m cycle as a product of 2 cycles as follows

a.az am a am aam a.az



Sinceevery element is theproduct of cycles everyelement of Sn can
be written as the product of transpositions

Note that there is not a unique way to do this
eg I 2 i3 I 32 23 I 2 and I I2 iz 1212 23

However we can determinethe parity ie odd or even ofthe ofterms

and this will befixed for a givenpermutation

Def If OESn the sign of o is 1 it can be written
as the product of an even at transpositions and 1 it 0

is the product of an odd

Claim The sign of o cSn is well defined That is any
decomposition of 0 into transpositions hasthe same parity odd
or even

We won't prove this but see DtF or any other algebra book for
a proof

Pep The map E Sn II where each element is sent to its

sign is a homomorphism 13 is agroup under multiplication

Pt If o E e Sn and they can be written as the product
of M and h transpositions respectively then E can



be written as mtn transpositions

If one of m and his odd the other even then mtn is odd

so E o e I I I Eco E c

otherwise mtn is even and E oc I Il E o E c D

Def The kernel of E is called the alternating gap of degree
n denoted An Thus AnIsn and An consists of all the
even permutations

Note that a cycle a am a am a am a.az is even

iff m is odd

Efi A Az I A3 4 123 132 E 73

Ay has 12 elements the even elements of Sy
I 12 34 I3 24 14 23 123 124 132 134 142

143 234 243 3 elements of order 2 8 of order3 so

it's not isomorphic to Diz

In fact it's isomorphic

i an ymmetries


